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THE EFFECTS OF A N O N R I G I D L Y  SUPPORTED BALLAST ON THE 
DYNAMICS OF A SLENDER BODY DESCENDING 
THROUGH THE ATMOSPHERE 
By Gerald N .  Malcolm 
Ames Research Center  
SUMMARY 
The e f f e c t s  of  a nonr ig id ly  supported b a l l a s t  on t h e  dynamic behavior  o f  
a s l e n d e r  body wi th  l i n e a r  aerodynamics descending through t h e  atmosphere i n  
p l ana r  motion are inves t iga t ed .  
veh ic l e  and t h e  spring-mounted b a l l a s t  are der ived  and s p e c i f i c  examples a r e  
presented  t o  i l l u s t r a t e  t h e  r e s u l t i n g  motions. Divergent o s c i l l a t i o n s  o f  t h e  
main veh ic l e  occurred f o r  those  condi t ions  near t h e  coalescence of  frequency 
of  t h e  main body and b a l l a s t  motions. 
f l i g h t  when sp r ing  s t i f f n e s s  was decreased,  o r  when b a l l a s t  damping was 
increased  f o r  a given sp r ing  s t i f f n e s s .  
The equat ions o f  motion of both t h e  main 
Divergence occurred e a r l i e r  i n  t h e  
INTRODUCTION 
Many atmosphere-entry bodies ,  p a r t i c u l a r l y  s l ende r  bodies ,  a r e  b a l l a s t e d  
f o r  adequate aerodynamic s t a t i c  s t a b i l i t y .  The b a l l a s t  t y p i c a l l y  i s  heavy, 
dense,and d i f f i c u l t  t o  support  i n  a p e r f e c t l y  r i g i d  fash ion  under dynamic con- 
d i t i o n s .  The purpose of  t h i s  paper  i s  t o  r e p o r t  some e f f e c t s  on the  veh ic l e  
dynamics when t h e  b a l l a s t  i s  no t  r i g i d l y  supported b u t  o s c i l l a t e s  a s  p a r t  o f  a 
coupled system with t h e  main veh ic l e .  
The d i f f e r e n t i a l  equat ions of  p l ana r  motion f o r  a body with l i n e a r  
aerodynamics and a f l e x i b l y  mounted mass are der ived;  and a s p e c i f i c  example - 
a s l e n d e r  cone with spring-mass system t o  r ep resen t  t h e  b a l l a s t  arrangement - 
i s  used t o  i l l u s t r a t e  some of  t h e  p o s s i b l e  r e s u l t s  of  v e h i c l e - b a l l a s t  dynamic 
i n t e r a c t i o n .  
EQUATIONS OF MOTION 
The system t o  be analyzed c o n s i s t s  of  a main body - i n  t h i s  case ,  a 
s l ende r  cone - and an i n t e r n a l  nonr ig id ly  supported b a l l a s t  s imulated by a 
simple spring-mass system. The cone motion i s  r e s t r i c t e d  t o  one degree of 
freedom i n  r o t a t i o n  and two degrees of freedom i n  t r a n s l a t i o n ,  a l l  i n  a s i n g l e  
plane.  
dimensional motion perpendicular  t o  t h e  cone ax i s .  
The b a l l a s t  motion i s  r e s t r i c t e d  t o  t h i s  same p lane  and has one- 
The system is shown i n  
0 Center of preswre 
0 Cone center of gravity 
0 System center of gravity (with rigid ballast) 
ske tch  (a) where m l  and m2 are t h e  
masses of  t h e  cone and b a l l a s t ,  
r e spec t ive ly .  The cen te r s  o f  g r a v i t y  
o f  t h e  cone alone,  x and of 
‘gcone’ 
( i f  t h e  b a l l a s t  t h e  system, x 
were r i g i d l y  mounted) are shown wi th  
t h e  aerodynamic c e n t e r  of  p re s su re ,  
xcp. 
c e n t e r  o f  g r a v i t y  from t h e  r e fe rence  
p o i n t  ( i . e . ,  t h e  center -of -gravi ty  
p o s i t i o n  of  t h e  cone alone) i s  x,. Note t h a t  x t h e  c e n t e r  of 
cgsys ’ 
The d i s t a n c e  of  t h e  b a l l a s t  
r 
d 
%ys 
g r a v i t y  of a system cons i s t ing  of a 
v e h i c l e  with moving p a r t s ,  does not  
remain s t a t i o n a r y  so  i s  not  a s u i t -  
a b l e  re ference .  The t o t a l  sp r ing  
cons tan t  i n  t h e  b a l l a s t  system i s  k .  
Sketch (a) 
This system i s  shown aga in  i n  
ske tch  (b) with an i n e r t i a l  r e f e rence  
system and body-fixed aerodynamic 
fo rces  Fx and FN. The cen te r  of  
r o t a t i o n  f o r  t h e  aerodynamic moment, 
Mo, i s  t h e  cen te r  of  g r a v i t y  of  t h e  
0 ,  t h e  angular  p o s i t i o n  of t h e  cone 
a ,  t h e  angle  of a t t a c k ,  and y, t h e  
swerve angle .  
Inertial oxis = x  cone alone.  Shown a l s o  are angles  
Sketch (b) with r e spec t  t o  t h e  i n e r t i a l  x-axis ,  
Referr ing t o  ske tch  (b) we can w r i t e  t h e  d i f f e r e n t i a l  equat ions of  motion. 
If small angles  are assumed, f o r  example, 
s i n ( a )  ct 
cos(a)  1 
and g rav i ty  f o r c e s  a r e  neglec ted , the  moment and f o r c e  r e l a t i o n s h i p s  are 
Y 
1; = Mo + (ky + b9)Xb + m22y (1) 
where 
2 
.. 
2 2  = z,  + x,e + y (4) 
I 
Note t h a t  t h e  aerodynamic normal fo rce ,  FN, 
assumed t o  vary l i n e a r l y  with angle  of  a t t a c k  and t h a t  t h e  a x i a l  f o r c e ,  
was assumed cons tan t .  From ske tch  (b) 
and t h e  r e s t o r i n g  moment, M o ,  were 
F,, 
.. .. 
0 = a + ; i  
21  = vy (10) 
(11) 2 1  = vy + vy 
.. 
From equat ion (11) not ing  t h a t  q = (1/2)pV2, w e  so lve  f o r  and s u b s t i t u t e  
f o r  z l  from equat ion (2) m 
< D i f f e r e n t i a t i n g  equat ion (12),  we g e t  
If we s u b s t i t u t e  f o r  V from equat ion (9) and f from equat ion (12) and 
neg lec t  second-order terms with products  of c o e f f i c i e n t s  such as C N , C ~ ,  
If  t h e  terms t h a t  a r e  small 
(14) are e l imina ted  
r e l a t i v e  t o  t h e  o t h e r  terms i n  equat ions (12) and 
If we now s u b s t i t u t e  f o r  p 
s u b s t i t u t e  f o r  8 and i n  
and i n t o  equat ions (6) and (7) and then 
equat ions (1) and (4), 
- CmaaqwAd - (ky + b>;)xb + m2 F,y = 0 (15) 
m l  + m 2  
Note t h a t  t h e  (Cm term i n  equat ion (15) i s  damping due t o  p i t c h i n g  
and t h e  C & terms i n  both equat ions (15) and (16) a r e  damping terms due t o  
plunging o r  swerving o f  t h e  vehic le .  Now equat ions (2 ) ,  ( 3 ) ,  (15), and (16) 
can be used t o  produce two simultaneous d i f f e r e n t i a l  equat ions i n  c1 and y .  
S u b s t i t u t i n g  i n t o  equat ion (16) f o r  z1 and z 2  from equat ions (2) and ( 3 ) ,  
we g e t  
+ Cmk)h 9 
N, 
.. 
If we s u b s t i t u t e  f o r  (ky + by) from equat ion (17) i n t o  equat ion (15),  
F,y = 0 (18) m2 m 2  
+ m l  + m 2  ,bFN + m l  + m2 
Rewriting equat ions (17) and (18) and s u b s t i t u t i n g  c o e f f i c i e n t s  f o r  
and abbrevia t ing  t h e  15 c o e f f i c i e n t  i n  equat ion (18) with CMQ, we g e t  
FN and F, 
4 
1. 
i 
Note t h a t  i n  equat ion (20) { I  + [mlm2/(ml + m2)]xb2} i s  t h e  moment o f  i n e r t i a  
about t h e  ins tan taneous  c e n t e r  o f  g r a v i t y  o f  t h e  system, des igna ted  
and t h a t  {Cma - [m2/(ml + m2)]C~, (xb/d)}  i s  t h e  pitching-moment curve s l o p e  
f o r  t h e  system i f  t h e  b a l l a s t  i s  r i g i d l y  mounted, t h a t  i s ,  Cmasys. 
Isys, 
In  equat ion (19) b can be expressed convenient ly  i n  terms of  some 
f r a c t i o n  o f  c r i t i c a l  damping. Cr i t ica l  damping w i l l  b e  a r b i t r a r i l y  def ined  
he re  as t h a t  minimum value  o f  b t h a t  would cause t h e  b a l l a s t  t o  l o s e  i t s  
o s c i l l a t o r y  behavior  i f  i t  were mounted on a s t a t i o n a r y  p la t form.  (This i s  
not t o  be  construed as t h e  c r i t i c a l  damping f o r  t h e  e n t i r e  system; t h a t  quan- -
S y  i s  undefined.)  
and 
From simple harmonic-motion theory ,  then ,  b c r i t  = 2 h m 2  
If  2 n R 6  i s  s u b s t i t u t e d  f o r  b i n  equat ion (19),  then 
Equations (20) and (21) must be solved numerical ly .  However, some 
s impl i fy ing  assumptions w i l l  enable  t h e  equat ions t o  be  solved i n  c losed  form, 
and t h e  s o l u t i o n s  can be use fu l  i n  i n d i c a t i n g  t r ends .  . 
7 
Closed- Form Solu t ion  
v 
I f  qm i s  assumed cons tan t  and t h e  aerodynamic and s p r i n g  damping 
(CMQ = TIR = 0)  a r e  neglec ted ,  equat ions (20) and (21) can be r e w r i t t e n  i n  t h e  
form 
5 
where 
I L  
xb m l  + m2 
K 2  = 
1 + m l m 2  2 
ml + m2 Xb 
c 
m2 
m l  + m 2  ‘xqmA 
xb 
m1m2 
m l  + m 2  
K 3  = 
I +  
CN,qmA 
ml 
K4 = 
Closed-form s o l u t i o n s  can b e  w r i t t e n  f o r  t hese  equat ions ,  and with i n i t i a l  
condi t ions  a t  they  can be expressed as t = 0 ,  ct = cto,  y = yo, 6. = Go,  >; = q0 
y = C 1  cos w l t  + C 2  s i n  w l t  + C 3  cos w 2 t  + C 4  s i n  w 2 t  
ct = C 5  cos w l t  + C6 s i n  w l t  + C 7  cos w 2 t  + C 8  s i n  w 2 t  
[ t hese  expressions a r e  v a l i d  only up t o  and inc luding  t h e  p o i n t  where 
frequency coalescence occurs ,  t h a t  i s ,  w l  = w2) where 
6 
Yo a0 G r - -  
1 w1 
G - H  c2 = 
c3 = Yo - C I  
C 7  = C3G 
and 
From equat ion (24) we can express  t h e  primary n a t u r a l  f requencies  of  t h e  cone 
and b a l l a s t ,  r e s p e c t i v e l y ,  
where 
A2 = 4 (K3K: K1K6) 
K K  - 1  
and K i s  def ined  as before .  Frequency coalescence i s  def ined  as t h e  
condi t ion  where w 1  = w 2 .  
7 
When frequency coalescence takes  p l ace ,  (q,/k)fC can be  w r i t t e n  i n  
terms of t h e  body and aerodynamic-force parameters .  From equat ion (25) it i s  
apparent  t h a t  frequency coalescence occurs  ( w l  = w2) when A 1 2  - A 2  = 0. If  
w e  s u b s t i t u t e  t h e  above expressions f o r  A 1  and A2 i n t o  A12 - A2 = 0 and 
s o l v e  e x p l i c i t l y  f o r  (q /k) fc  
W 
2 
B1 (F)fc + B2 ( ) f c  + B3 = 0 
and 
where 
-xbl xb3m2 ) (-2xb1) (mi  + m2 I - xb)] 
+ cN, 7 + 'mad m l m 2  
L J 
DISCUSSION OF RESULTS 
A complete s tudy  of  a l l  t h e  parameters t h a t  a f f e c t  t h e  o s c i l l a t o r y  motion 
o f  t h e  v e h i c l e  was not  attempted. Rather,  a s p e c i f i c  cone with a given f l i g h t  
t r a j e c t o r y ,  i n  terms o f  t ime, veloci ty ,  and dynamic-pressure v a r i a t i o n  with 
a l t i t u d e ,  was used as a model. The e f f e c t s  of s p r i n g  s t i f f n e s s  and s p r i n g  
damping i n  t h e  s imulated b a l l a s t  system and t h e  e f f e c t s  o f  aerodynamic damping 
were i n v e s t i g a t e d  t o  a s c e r t a i n  t h e i r  i n f luence  on t h e  o s c i l l a t o r y  frequency 
and amplitude of both t h e  b a l l a s t  and t h e  veh ic l e .  
t h e  b a l l a s t  l o c a t i o n  i s  a l s o  examined b r i e f l y .  
metric parameters and aerodynamic c o e f f i c i e n t s  are l i s t e d  below (see 
ske tch  (a)  o r  ( b ) ) :  
The in f luence  of varying 
The values  used f o r  t h e  geo- 
d = 2.5 f t  
2 = 7.0 f t  
X = 3.956 f t  
%ys 
8 
X = 4.780 f t  
cgcone 
xCp = 4.928 f t  
Xb = 2.36 f t  
m l  = 12.36 s l u g s  
m 2  = 6.64 s l u g s  
I = 44.44 s l u g - f t 2  (Isys = 68.5) 
CN, = 1.95 
C, = 0.075 
Cm, = -0.110 (Cm, = -0.753) 
SYS 
The f l i g h t  t r a j e c t o r y  used f o r  t h e  i n v e s t i g a t i o n  i s  shown i n  f i g u r e  1, 
where v e l o c i t y ,  dynamic p r e s s u r e ,  and o s c i l l a t o r y  frequency f o r  a r i g i d  system 
( i n f i n i t e  s p r i n g  cons tan t )  a r e  shown f o r  an a l t i t u d e  range from 200,000 t o  
20,000 f e e t .  Also shown i s  e l apsed  time with t = 0 . 0  a t  h = 200,000 f e e t .  
The i n i t i a l  e n t r y  ang le  was taken  t o  be - 2 2 " .  
/" 
\ 
\ 
\ 
\ 
4 -  
I I I I I 
h X ft 
I20 
I 
O20 40 60 80 100 
Figure  1.- F l i g h t  t r a j e c t o r y  parameters  for example case. 
9 
O s c i l l a t o r y  motions o f  both conica l  veh ic l e  and b a l l a s t  were obta ined  by 
i n t e g r a t i n g  numerical ly  t h e  coupled equat ions (20) and (21),  where V and q, 
were en te red  i n  t a b u l a r  form as func t ions  o f  t i m e .  The motions were s t a r t e d  
at  t h e  v e l o c i t y  and dynamic p res su re  corresponding t o  200,000 f e e t  a l t i t u d e .  
The o t h e r  i n i t i a l  condi t ions  were 
r e s u l t i n g  motions were then  s tud ied  t o  determine t h e  frequency and amplitude 
behavior  of both cone and b a l l a s t  and t o  determine whether condi t ions  might 
occur  a t  which t h e  cone angle-of -a t tack  o s c i l l a t i o n s  would be  d ivergent .  
CY = 0.2 r a d ,  & = 0,  y = 0,  9 = 0 .  The 
Figure 2 shows t y p i c a l  motions o f  cone and b a l l a s t  as func t ions  o f  t ime. 
For t h i s  case 
primary o s c i l l a t o r y  f requencies  o f  t h e  two motions a r e  much d i f f e r e n t .  
high a l t i t u d e  (where q, i s  very sma l l ) ,  t h e  b a l l a s t  o s c i l l a t e s  a t  a primary 
frequency, 
by any e x t e r n a l  fo rces  o r  moment; t h a t  i s ,  
k = 5,000 l b / f t ,  q R  = 0 ,  and Cm + Cmk = 0. I n i t i a l l y  t h e  
4 
A t  
n e a r  t h e  n a t u r a l  frequency f o r  a two-body system uninfluenced 
f Y '  
- 1 / 2  - 1/2 
+ m2 m2xbZ 
I m l  + -) I foy 
i s  t h e  n a t u r a l  frequency of  a s imple mass spring-mounted t o  a 
where foY 
r i g i d  p la t form.  The frequency i s  about 6.7 cps,  n e a r l y  equal  t o  t h e  6.73 cps 
c a l c u l a t e d  from equat ion (28) es t imated  f o r  f l i g h t  i n  a vacuum (where 
(The b a l l a s t  frequency, fo  , would be 4.37 cps i f  t h e  cone were h e l d  s t a t i o n -  
a r y . )  I n i t i a l l y  each motion f o r  y and a has a secondary n a t u r a l  frequency, 
which i s  simply t h e  o t h e r ' s  primary n a t u r a l  frequency. A s  t h e  dynamic p res -  
s u r e  inc reases  with t i m e ,  t h e  primary o s c i l l a t o r y  frequency, f,, of  t h e  cone 
inc reases  a t  a f a s t e r  r a t e  than would be expected f o r  a r i g i d  system. 
d i f f e r e n c e  i s  shown i n  f i g u r e  3, where fa i s  p l o t t e d  as measured d i r e c t l y  
from t h e  motion i n  f i g u r e  2 and 
Since only a po r t ion  of  t h e  b a l l a s t  motion i n  f i g u r e  2 e x h i b i t s  a primary f r e -  
quency t h a t  can be measured d i r e c t l y ,  t h e  curve was ca l cu la t ed  from t h e  
closed-form s o l u t i o n  (eq. (25)) f o r  var ious  va lues  of q, and then p l o t t e d  
versus  t h e  corresponding time, t. The closed-form s o l u t i o n  agreed p e r f e c t l y  
with f, and fr  t h a t  were measurable from f i g u r e  2 .  I t  i s  ev ident  t h a t  as 
q, 
u n t i l  a t  t = 10.2 seconds t h e  b a l l a s t  and cone f requencies  a r e  the , same ( f r e -  
quency coalescence) .  However, f i g u r e  2 shows t h a t  t h e  motion diverges  a t  
t - 9.2 seconds,  t h a t  i s ,  before  frequency coalescence takes  p l ace .  
t h e  onse t  of divergence t h e  frequencies  behave as p red ic t ed  by equat ion (25). 
The amplitude o f  both cone and b a l l a s t  i nc rease  u n t i l  t h e  b a l l a s t  motion i s  
bounded by t h e  cone walls. A t  t h i s  po in t  ( t  = 10.3 s e c ,  s e e  f i g .  2) 
descr ib ing  t h e  motion o f  t h e  system becomes more complex and i s  beyond t h e  
scope o f  t h i s  i n v e s t i g a t i o n .  
q, = 0 ) .  
Y 
The 
i s  t h e  frequency f o r  a r i g i d  system. fo, 
fy  
inc reases  (and consequently f a )  , t h e  primary b a l l a s t  frequency decreases  
Despi te  
Some motions obta ined  from closed-form s o l u t i o n s  h e l p  t o  understand why 
t h e  coupled motion of  t h e  b a l l a s t  and cone cause divergence p r i o r  t o  frequency 
coalescence.  Figure 4 i l l u s t r a t e s  b a l l a s t  and cone motions a t  constant  values  
of  q, corresponding t o  va lues  j u s t  p r i o r  t o  and a t  frequency coalescence.  
10 
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Figure 2 . -  Typical cone and b a l l a s t  motion f o r  example case. 
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Figure 3 . -  Comparison o f  f requencies  f o r  r i g i d  
and nonr ig id  systems. 
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(a) q, = 3500 l b / f t 2 .  
(b) q, = 3774 l b / f t 2  (frequency coa lescence) .  
F igure  4 . -  O s c i l l a t o r y  motion o f  cone and b a l l a s t  
a t  cons tan t  dynamic p res su re .  
When t h e  two bodies  o s c i l l a t e  a t  nea r ly  i d e n t i c a l  n a t u r a l  f requencies  
( f i g .  4 ( a ) ) ,  a "beat  frequency" i s  e s t a b l i s h e d  i n  which the  b a l l a s t  motion 
f i r s t  l ags ,  then  leads  t h e  cone motion. A t  frequency coalescence ( f i g .  4 (b) )  
t h e  b a l l a s t  l ags  cont inuously.  Applying t h i s  quas i - s teady  i n t e r p r e t a t i o n  of  
t h e  l a g  phenomenon t o  t h e  v a r i a b l e  q, 
d ivergent  motion occurs somewhat before  frequency coalescence is  reached 
because of  t h e  >180° l a g  o f  t h e  b a l l a s t  t h a t  i s  t y p i c a l  of  p a r t  of t h e  b e a t  
frequency motion. Because q, i s  cont inuously inc reas ing ,  t h e  b e a t  frequency 
does not  f u l l y  form and t h e  b a l l a s t  lags  cont inuously u n t i l  coalescence.  
case i n  f i g u r e  2 ,  w e  conclude t h a t  t h e  
The e f f e c t  o f  t h e  b a l l a s t  on the  cone motion i s  i l l u s t r a t e d  i n  f i g u r e  5 
where t h e  amplitude h i s t o r y  of t h e  cone with a nonr ig id  b a l l a s t  i s  compared t o  
one ca l cu la t ed  f o r  a completely r i g i d  system. 
+ Cm6 = 0 because of  t h e  t h e  amplitude decreases  d e s p i t e  t h e  fac t  t h a t  
i nc reas ing  q, wi th  t ime and t h e  damping con t r ibu t ion  from plunging. I t  i s  
apparent t h a t  t h e  amplitude r a t i o  i s  a f f e c t e d  by t h e  b a l l a s t  long before  fre- 
quency coalescence condi t ions  occur;  i n  f a c t ,  t h e  motion diverges  before  
coalescence condi t ions  are reached because of t h e  >180° l ag  discussed above. 
The po in t  a t  which t h e  b a l l a s t  reaches t h e  cone w a l l  i s  a l s o  ind ica t ed .  
Note t h a t  f o r  t h e  r i g i d  body 
cmq 
Cmq + Cmb = q ~ = 0  k.5000 Ib/ f t  (foV=4.37) 
Ballast contacts 
Frequency coalescence 
- 
1 I 
3 40 60 BO IO0 I20 I40 200 
Figure 5.- Envelope of oscillatory cone motion. 
Effec t s  o f  Changing Spring Force 
and Damping Constants 
To s e e  what e f f e c t  a change i n  sp r ing  s t i f f n e s s  o r  t h e  add i t ion  of  
damping t o  t h e  b a l l a s t  system has on t h e  cone o s c i l l a t o r y  h i s t o r y ,  amplitude 
r a t i o  (where a0 is  0 . 2  r ad  a t  h = 200,000 f t )  versus  a l t i t u d e  is  p l o t t e d  i n  
13 
f i g u r e  6 f o r  t h r e e  d i f f e r e n t  s p r i n g  cons tan ts  k = 5,000, 15,000, and 
50,000 l b / f t .  For comparison, t h e  amplitude r a t i o  f o r  a r i g i d  system i s  a l s o  
shown. The damping-in-pitch parameter,  
a r e  both zero.  The e f f e c t  of decreasing t h e  s t i f f n e s s  (decreasing k) of t h e  
b a l l a s t  i s  t o  produce o s c i l l a t o r y  divergence a t  a h ighe r  a l t i t u d e  (and 
lower q,). 
+ Cm&, and b a l l a s t  damping, nR, 
cmq 
0 Frequency coalescence / 
ABallast  contacts cane wall / 
k=5000 II 
f =4.37 
OY 
k=50,000 Ib/f, k=15.000 Ib/ f t  9 
f =13.81 
OY 
I 
200 
hX10-3. f t  
Figure 6.-. Envelope of oscillatory cone motion for three different spring stiffnesses. 
Ballast damping.- Figure 7 shows t h e  effect  of  i n t roduc ing  damping i n t o  
The damping values  t h e  b a l l a s t  system f o r  t h r e e  d i f f e r e n t  s p r i n g  cons tan ts .  
go t o  a p r a c t i c a l  upper l i m i t  o f  rtR = 1.0 ( the  c r i t i c a l  damping va lue  f o r  t h e  
b a l l a s t  system i f  t h e  b a l l a s t  were a t tached  t o  a r i g i d  platform) and t h e  
effect  of increased  damping i s  t o  cause divergence t o  occur sooner i n  t h e  
f l i g h t .  The reason i s  simply t h a t  if t h e  b a l l a s t  system inc ludes  damping, t h e  
b a l l a s t  w i l l  l ag  behind t h e  cone sooner than  it would i f  t h e r e  were no 
i n t e r n a l  damping. 
b a l l a s t  contac ts  t h e  cone wall o r  t h e  amplitude r a t i o  inc reases  t o  1 .0 ,  
whichever occurs first.  
I n  a l l  cases the  amplitude r a t i o  i s  p l o t t e d  u n t i l  t h e  
Aerodynamic damping.- Figure 8 shows t h a t  aerodynamic damping de lays  t h e  
onse t  of  divergence, as one would expect.  
case t h e r e  i s  no divergence during t h e  decreasing dynamic p res su re  p a r t  o f  t h e  
t r a j e c t o r y  ( i . e . ,  a l t i t u d e s  below 37,000 f t ) ,  i n  e i t h e r  case because even when 
Cm + Cm& = 0,  t h e r e  i s  s u f f i c i e n t  damping from t h e  plunging motion (CN,& 
term) t o  prevent  divergence i n  angle  of a t t a c k .  
Note a l s o  t h a t  f o r  t h e  r igid-body 
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F igure  7 . -  Envelope of o s c i l l a t o r y  cone motion f o r  v a r i o u s  b a l l a s t  damping c o n d i t i o n s .  
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Figure  8.-  Effect o f  aerodynamic damping on cone ampli tude h i s t o r y  
Resul t s  From Closed-Form Solu t ions  
We have a l r eady  seen  i n  t h e  d iscuss ion  o f  f i g u r e  3 t h a t  t h e  closed-form 
s o l u t i o n s  a r e  very use fu l  f o r  c a l c u l a t i n g  frequency h i s t o r i e s  (eq. (25)) by 
us ing  d i s c r e t e  p o i n t s  a long t h e  t r a j e c t o r y  and f o r  c a l c u l a t i n g  t h e  p o i n t  i n  
t h e  t r a j e c t o r y  where a frequency coalescence condi t ion  e x i s t s  can be 
ca l cu la t ed  d i r e c t l y  from eq. (27) and t h i s  i n  t u r n  can be  r e l a t e d  t o  a 
s p e c i f i c  t ime, t ,  from f i g .  1). 
(9, fc  
In  a d d i t i o n  t h e  closed-form s o l u t i o n  (eq. (27)) can be used t o  determine 
t h e  e f f e c t  of t h e  long i tud ina l  l oca t ion  of  t h e  b a l l a s t  on t h e  coalescence 
po in t  f o r  t h e  system. In f i g u r e  9 (qo,/k)fc i s  p l o t t e d  as a func t ion  of  t h e  
I I I 1 1 1 1 1 I 
0 .4 .8 1.2 1.6 2.0 2.4 2.8 3.2 3.6 
xb, f t  
Figure  9.-  V a r i a t i o n  of dynamic p r e s s u r e  t o  s p r i n g  s t i f f n e s s  r a t i o  a t  f requency coa lescence  with 
b a l l a s t  l o c a t i o n .  
16 
b a l l a s t  l o c a t i o n  
l o c a t i o n  i s  l e s s  than  Xb = 0.465 f t ,  t h e r e  i s  no t h e o r e t i c a l  frequency coa les -  
cence. Above xb = 0.465 t h e r e  are two qm/k condi t ions  t h a t  w i l l  produce 
coalescence although t h e  lower one is  more s i g n i f i c a n t  s i n c e  i t  would be t h e  
f irst  t o  be  encountered i n  an atmosphere en t ry .  This coalescence po in t  can, 
of  course,  be coordinated with a s p e c i f i c  a l t i t u d e  by using t h e  q, h i s t o r y  
with a l t i t u d e  (as i n  f i g .  1 ) .  I t  should be emphasized t h a t  t h i s  c r i t e r i o n  
f o r  minimum Xb t o  produce frequency coalescence i s  f o r  t h e  s p e c i f i c  body 
parameters used i n  t h i s  paper  and would be  numerical ly  d i f f e r e n t  i f  t h e  body 
dimensions o r  aerodynamic c o e f f i c i e n t s  i n  equat ion (27) were changed. 
xb., The most important p o i n t  i s  t h a t  i f  the  b a l l a s t  
CONCLUSIONS 
The e f f e c t s  o f  a nonr ig id ly  supported b a l l a s t  on t h e  dynamic behavior  o f  
a s l e n d e r  body with l i n e a r  aerodynamics descending through the  atmosphere i n  
p l ana r  motion have been i n v e s t i g a t e d .  Some important conclusions can be drawn. 
The po in t  a t  which frequency coalescence ( b a l l a s t  and cone frequencies  
a r e  equal)  occurs i n  a f l i g h t  with v a r i a b l e  dynamic pressure  can be p red ic t ed  
accu ra t e ly  by means o f  closed-form s o l u t i o n s  i f  cons tan t  values  of dynamic 
p res su re  a r e  assumed and aerodynamic and b a l l a s t  damping a r e  ignored. 
it has been shown t h a t  t h e  amplitude of o s c i l l a t i o n s  diverges  be fo re  frequency 
coalescence i s  experienced. This amplitude divergence i s  caused by t h e  con- 
t inuous >180° phase l ag  of  t h e  b a l l a s t  motion r e l a t i v e  t o  t h a t  o f  t h e  cone 
j u s t  p r i o r  t o  frequency coalescence.  
coalescence.)  In  add i t ion ,  i t  was found t h a t  
However, 
(Phase l ag  i s  exac t ly  180° a t  frequency 
1. Decreasing t h e  s t i f f n e s s  of t h e  b a l l a s t  support  causes divergence 
e a r l i e r  i n  t h e  f l i g h t  (higher  a l t i t u d e  and iower dynamic p res su re ) .  
2 .  Introducing damping i n t o  t h e  b a l l a s t  system ( a t  least  up t o  t h e  p o i n t  
of  c r i t i c a l  damping f o r  t h e  b a l l a s t  mounted on a s t a t i o n a r y  platform) produces 
t h e  phase l ag  sooner  i n  t h e  f l i g h t  than i f  t h e r e  were no i n t e r n a l  damping and 
t h e r e f o r e  promotes e a r l i e r  divergence of t h e  o s c i l l a t i o n s .  
3. Aerodynamic damping delays t h e  onse t  of divergence. 
4. Varying t h e  b a l l a s t  l ong i tud ina l  l oca t ion  has  l a rge  e f f e c t s  on t h e  
a l t i t u d e  a t  which divergence occurs .  There i s  a minimum d i s t ance  from t h e  
cone cen te r  of g r a v i t y  t o  t h e  b a l l a s t  l oca t ion  below which no frequency 
coalescence can e x i s t .  
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